In this paper we develop a theory of newforms for SL 2 (F) where F is a nonarchimedean local field whose residue characteristic is odd. This is analogous to results of Casselman for GL 2 (F) and Jacquet, Piatetski-Shapiro, and Shalika for GL n (F). To a representation π of SL 2 (F) we attach an integer c(π) that we call the conductor of π. The conductor of π depends only on the L-packet containing π . It is shown to be equal to the conductor of a minimal representation of GL 2 (F) determining the L-packet . A newform is a vector in π which is essentially fixed by a congruence subgroup of level c(π). For SL 2 (F) we show that our newforms are always test vectors for some standard Whittaker functionals, and, in doing so, we give various explicit formulae for newforms.
Introduction
To introduce the main theme of this paper we recall the following theorem of Casselman [1973] . Let F be a nonarchimedean local field whose ring of integers is ᏻ F . Let ᏼ F be the maximal ideal of ᏻ F . Let ψ F be a nontrivial additive character of F which is normalized so that the maximal fractional ideal on which it is trivial is ᏻ F .
Theorem (Casselman). Let (π, V ) be an irreducible admissible infinite-dimensional representation of GL 2 (F). Let ω π denote the central character of π. Let
.
(i) There exists a nonnegative integer m such that V m = (0). If c(π ) denotes the least nonnegative integer m with this property then the epsilon factor (s, π, ψ F ) of π is up to a constant multiple of the form q −c(π )s . (Here q is the cardinality of the residue field of F.)
(ii) For all m ≥ c(π ) we have dim V m = m − c(π) + 1.
The assertion dim V c(π) = 1 is sometimes referred to as multiplicity one for newforms, and the unique vector (up to scalars) in V c(π ) is called the newform for π. This is closely related to the classical Atkin-Lehner theory of newforms for holomorphic cusp forms on the upper half-plane [Casselman 1973 ]. When c(π) = 0, π is a spherical representation and the newform is nothing but the spherical vector.
Newforms play an important role in the theory of automorphic forms. We cite two examples to illustrate this. First, the zeta integral corresponding to the newform is exactly the local L-factor associated to π (see [Jacquet et al. 1981] for instance). In addition, newforms frequently play the role of test vectors for interesting linear forms associated to π . For example, the newform is a test vector for an appropriate Whittaker linear functional. In showing this, explicit formulae for newforms are quite often needed. For instance, if π is a supercuspidal representation which is realized in its Kirillov model then the newform is the characteristic function of the unit group ᏻ × F . This observation is implicit in [Casselman 1973 ] and is explicitly stated and proved in [Shimizu 1977] . Since the Whittaker functional on the Kirillov model is given by evaluating functions at 1 ∈ F * , we get in particular that the functional is nonzero on the newform. In a related vein, it is shown in [Gross and Prasad 1991] that test vectors for trilinear forms for representations of GL 2 (F) are often built from newforms. (See also [Schmidt 2002] , where many of these results are documented.)
As far as we know, the only other p-adic groups for which there is a theory of newforms are GL n (F) [Jacquet et al. 1981] ; GL 2 (D) for a p-adic division algebra D, [Prasad and Raghuram 2000] 
; and GSp 4 (F) (unpublished work of Brooks Roberts and Ralf Schmidt). In this paper, we propose a theory of newforms and conductors for SL 2 (F).
Let G = SL 2 (F) where F is a nonarchimedean local field with odd residue characteristic. Crucial to our study of newforms are certain filtrations of maximal compact subgroups of G. Let K = K 0 = SL 2 (ᏻ F ). Let K = K 0 = α −1 K 0 α where α = F 0 0 1 . Then K 0 and K 0 are, up to conjugacy, the two maximal compact subgroups of SL 2 (F). We define filtrations of these maximal compact subgroups as follows. For m an integer ≥ 1, let
Let (π, V ) be an irreducible admissible infinite-dimensional representation of G. Let ω π be the central character of π, i.e., the character of {±1} such that We deal with the following basic issues in this paper.
(i) Given an irreducible representation π , we determine its conductor c(π).
A very easy consequence (almost built into the definition) is that the conductor depends only on the L-packet containing π.
(ii) We identify the conductor with some other invariants associated to the representation. For instance, for SL 2 (F) we show that the conductor of π is same as the conductor of a minimal representation of GL 2 (F) determining the L-packet containing π. We also determine an explicit relation between our conductor and the notion of depth due to Moy and Prasad (see Section 3.4) .
(iii) We determine the growth of the space dim V K m η as a function of m. This question is analogous to (ii) of Casselman's theorem quoted above. Computing such dimensions is of importance in local level raising. See [Mann 2001 ].
(iv) We address the question of whether there is a multiplicity one result for newforms. It turns out that quite often dim V K c(π) η = 1, but this fails in general (see Section 4). In these exceptional cases the dimension of the space of newforms is two.
(v) We prove appropriate Whittaker functionals are nonzero on spaces of newforms. This is of importance in global issues related to newforms. In the proofs, we often need explicit formulae for newforms in various models for the representations. These formulae are interesting for their own sake. For example, if ψ is a character of F of conductor ᏻ F and (π, V ) is a ψ-generic supercuspidal representation of G, then the newform can be taken as the characteristic function of (ᏻ × F ) 2 where V is regarded as a subspace of the Kirillov model of a canonical minimal representation of GL 2 (F) which determines the L-packet containing π; see [Shimizu 1977 ].
The paper is structured as follows. We briefly summarize preliminaries on representations and L-packets of GL 2 (F) and SL 2 (F) in Section 2. The main results of the paper are given in Section 3. In this section, after stating the definitions, we take up principal series constituents and supercuspidal representations in separate subsections. We also state results comparing the conductor with other invariants of representations. In Section 4 we discuss the multiplicity one issue for newforms for SL 2 (F).
We now comment briefly on the proofs. A useful preliminary lemma (Lemma 3.1.3) is proved using a variant of an argument of Deligne [1973] based on Kirillov theory for representations of GL 2 (F). This lemma bounds the growth of fixed vectors in representations of SL 2 (F).
For subquotients of principal series representations and their L-packets, most of the proofs use Mackey theory, convenient double coset decompositions, and details regarding restriction of representations from GL 2 to SL 2 . There are a few surprisingly difficult exceptions. In particular, for the L-packet corresponding to a quadratic unramified character we use three different realizations of principal series representations for which a general reference is [Gel'fand et al. 1969] .
For supercuspidal representations and their L-packets, we make extensive use of Kutzko's construction [1978a; 1978b] of supercuspidal representations of GL 2 (F), as well as the analysis of their restrictions to SL 2 (F) due to Kutzko and Sally [1983] . In showing that certain vectors are newforms, as in the above mentioned SL 2 version of Shimizu's result, we use a combination of arguments involving Kutzko's constructions, the formal Mellin transforms as in Jacquet-Langlands, and the local Langlands correspondence for GL 2 (see Propositions 3.3.5 and 3.3.9).
We mention some further directions that arise naturally from this work. To begin with, we hope to show that our theory of newforms and conductors bears upon known results about local factors for SL 2 (F). In particular, we believe that our conductors are closely related to the analytic conductors appearing in certain epsilon factors. We also believe that an appropriate zeta-integral corresponding to a newform of a representation is equal to a certain local L-factor for that representation. As a possible global application we would like to prove using our newforms that representations (or possibly L-packets) of SL 2 have a nice rationality field, akin to Waldspurger's [1985] result for GL 2 .
A companion to this article [Lansky and Raghuram 2004] deals with newforms for the quasisplit unramified unitary group U (1, 1). It would be of interest to generalize these results to other groups, namely, to SL n for higher n and for unitary groups in three variables (for instance the quasisplit unramified unitary group U (2, 1)).
2. Preliminaries 2.1. Notation. In the following, F will be a fixed nonarchimedean local field whose residue characteristic is odd. Let ᏻ denote its ring of integers and let ᏼ be the maximal ideal of ᏻ. Let be a uniformizer for F, i.e., ᏼ = ᏻ. Let k = ᏻ/ᏼ be the residue field of F. Let p be the characteristic of k and denote by q the cardinality of k. Let be an element of ᏻ * \ᏻ * 2 . We will denote by E a quadratic extension of F and by ω E/F the quadratic character of F * associated to E/F by local class field theory. Recall that the kernel of ω E/F is N E/F (E * ), the norms from E * .
If n is a positive integer, let U n denote the nth filtration subgroup 1 + ᏼ n of ᏻ × , and define U 0 = ᏻ × . Let v denote the additive valuation on F * which takes the value 1 on . We let | · | denote the normalized multiplicative valuation given by |x| = q −v(x) . If χ is a character of F * we define the conductor c(χ) to be the smallest nonnegative integer n such that χ is trivial on U n . Let ψ be a nontrivial additive character of F which is assumed to be trivial on ᏻ and nontrivial on ᏼ −1 . For any a ∈ F the character x → ψ(ax) will be denoted as ψ F,a or simply by ψ a .
Let G denote the group GL 2 (F). Let B = T N be the standard Borel subgroup of upper triangular matrices in G with Levi subgroup T and unipotent radical N . Let Z be the center of G. Let G = SL 2 (F). Let B = T N be the standard Borel subgroup of upper triangular matrices in G with Levi subgroup T and unipotent radical N . Let w be a representative in the normalizer of T for the nontrivial element of the Weyl group of T . Set K = SL 2 (ᏻ) and K = GL 2 (ᏻ). Let I and I respectively be the standard Iwahori subgroups of G and G.
The following filtrations of maximal compact subgroups of G will be important in our study of newforms. Let
where α = 0 0 1 . Then K 0 and K 0 are, up to conjugacy, the two maximal compact subgroups of G. For m an integer ≥ 1, recall that K m and K m stand for certain congruence subgroups as defined in the introduction.
In addition to α, we will also make frequent use of the matrices β := 1 0 0 and
We denote 1 ᏼ j 0 1
by N (ᏼ j ) or simply by N ( j). We let N denote the lower triangular unipotent subgroup of G and a similar meaning is given to N (ᏼ j ) and
If Ᏼ is a closed subgroup of a locally compact unimodular group Ᏻ and if (σ, W ) is a smooth representation of Ᏼ, then we let Ind Ᏻ Ᏼ (σ ) denote the representation of Ᏻ induced from σ , i.e., the space of locally constant functions f : Ᏻ → W such that for all h ∈ Ᏼ and g ∈ Ᏻ we have
where Ᏼ is the modulus character of Ᏼ. The group Ᏻ acts on this space of functions via right translation. We let ind If π is any irreducible representation of Ᏻ on which the center of Ᏻ acts by a character, we will denote this character by ω π . The symbol 1 1 will denote the trivial representation of the group in context. For real ζ , let ζ denote the least integer greater than or equal to ζ and ζ = − −ζ .
Some results on GL 2 (F).
We briefly recall Kirillov theory for representations of GL 2 (F). For details see [Casselman 1973; Jacquet and Langlands 1970; Prasad and Raghuram 2000] . Let (π, V ) be an irreducible admissible infinitedimensional representation of G = GL 2 (F). The representation space V may be uniquely realized as a certain space of functions
. Moreover, the space K (π) consists of locally constant functions on F * which vanish outside compact subsets of F and the action of B on K (π) is given by the formula
for all a, d, x ∈ F * , for all b ∈ F, and for all f ∈ K (π) (see [Casselman 1973] ). This Kirillov model K (π ) has many nice properties, namely:
Or in other words the Jacquet module of π , denoted π N , may be identified as a T module with
It is often of interest to know what the newform looks like in the Kirillov model. If π is a supercuspidal representation of G then the characteristic function of ᏻ × is a newform for π . (This was observed in [Shimizu 1977] .) A similar result is known for supercuspidal representations of GL 2 (D) [Prasad and Raghuram 2000, Proposition 5 .5]. We prove analogous results for SL 2 (F) in this paper.
L-packets for SL 2 (F).
In this section we collect statements about the structure of L-packets for G = SL 2 (F). See [Labesse and Langlands 1979; Gelbart and Knapp 1982; Kutzko and Sally 1983; Shelstad 1979] .
If π is an irreducible admissible representation of G, its restriction Res SL 2 (F) π to G is a multiplicity-free finite direct sum of irreducible admissible representations π 1 ⊕ · · · ⊕ π r . On the other hand, if π is any irreducible admissible representation of G, then there exists an irreducible admissible representation π of G whose restriction to G contains π. The set {π 1 , . . . , π r } is an L-packet of G and G acts transitively on this set. It is known that the cardinality of an L-packet is 1, 2 or 4 [Shelstad 1979 ].
Given such a pair π and π, let X ( π) = {χ ∈ F * : π ⊗χ π }, where we identify a character χ of F * with the character χ
In fact, given a character χ of F * we have χ ∈ X ( π) if and only if χ is trivial on G(π) [Labesse and Langlands 1979, Lemma 2.8] .
3. Newforms for SL 2 3.1. Definitions and the growth lemma. We now give our definition of the conductor of a representation of G. Let (π, V ) be an admissible representation of G admitting a central character which we denote by ω π .
We let η be any character of
For any nonnegative integer m, we define
where η runs over characters of
we call a nonzero element of these spaces a newform of π, and π
itself is then called a space of newforms of π.
The following growth lemma bounds the growth of the dimension of π K m for any irreducible representation π of G. It uses Kirillov theory for GL 2 (F). The proof is modeled on Deligne's proof [1973] of a similar GL 2 statement of Casselman [1973] . Similar arguments have also been used in the context of GL 2 (D) in [Prasad and Raghuram 2000] .
Proof. If V is finite-dimensional, then it is one-dimensional so π is trivial and dim(π K m η ) = 0, 1 for all m and we are done. We henceforth assume that V is infinite dimensional. We also assume that ( π, V ) is realized in its Kirillov model.
Note that βπ
for all a ∈ ᏻ which implies that x ∈ ᏻ. (Recall that ψ is normalized to be trivial on ᏻ and nontrivial on
. This implies that on ᏻ × , f is completely determined by its values on 1 and .
). For this, we show that
and so it suffices to show that β −1 f is also fixed by N (ᏻ). Thus we need to show that for all y ∈ F * and all a ∈ ᏻ 1 a 0 1
This reduces to ψ(ay) f ( y) = f ( y), which is true from the assumptions on the support of f and the normalization on ψ.
Then there exist constants a 1 , a 2 , a 3 such that supp(a 1 f 1 + a 2 f 2 + a 3 f 3 ) ⊂ ᏼ. By the arguments above, we obtain
Principal series representations.
Let χ be a character of F * . Then χ inflates to a character of B. Let π(χ) stand for the (unitarily) induced representation Ind
The representation space of π(χ) consists of locally constant complex valued functions f on G such that for all a ∈ F * , b ∈ F and g ∈ G, we have
The action of G on such functions is by right translation. It is well known that π(χ) is reducible if and only if χ is either | · | ± or a nontrivial quadratic character.
There is an essential difference between the two kinds of reducibilities. In the case χ = | · | ± , π(χ ) is the restriction to G of a reducible principal series representation of G. Hence π(χ ) will have two representations in its Jordan-Hölder series, namely the trivial representation and the Steinberg representation which we will denote by St G .
If χ is a nontrivial quadratic character, then π(χ) is the restriction to G of an irreducible principal series representation of G and breaks up as a direct sum of two irreducible representations, which constitute an L-packet of G.
To begin, we need a lemma on double coset decompositions to analyze the space of fixed vectors in principal series representations. Let χ be a character of F * . Let η be a character of
In light of the Lemma 3.2.1, standard Mackey theory yields for m ≥ 2
If m = 1, only the first two terms appear, while if m = 0, only the first appears. We use this result extensively in the computations of this section.
As mentioned in the introduction, one of the applications of newforms we have in mind is that they are test vectors for Whittaker functionals. For principal series representations and in fact all their subquotients we consider the following ψ-Whittaker functional [Schmidt 2002 ]. For any function f in a principal series representation π(χ ) we define
where the Haar measure dx is normalized such that vol(ᏻ) = 1.
Proposition 3.2.4 (Unramified principal series representations). Let χ be an unramified character of F * and let π = π(χ) be the corresponding principal series representation of G. Then c(π) = 0, and moreover, c η (π) = c(π) only when η is trivial. The dimension of the space of fixed vectors under K m is given by
Proof. Note that Lemma 3.2.1 and the fact that G = B K implies that
This, together with (3.2.2) proves the proposition.
Corollary 3.2.5 (Test vectors for unramified principal series representations). For an unramified character χ of F
Proof. This is a standard computation in the theory of spherical representations. We merely give a sketch of the details. We can take the newform f = f new to be given by
We have 
Proof. The result follows from Proposition 3.2.4 and (3.2.2).
Corollary 3.2.7 (Test vectors for the Steinberg representation). Let the Steinberg representation St G be realized as the unique irreducible subrepresentation of π(| · |). Then the ψ-Whittaker functional ψ is nonzero on the space of newforms
Proof. We consider the standard intertwining operator M :
The representation space of the Steinberg representation is simply the kernel V M of M [Bump 1997, §4.5] .
Note that a function f ∈ π(| · |) K 1 is determined by its values on the elements 1, w ∈ G. Let f new be an element of π(| · |) K 1 determined by f new (1) = q and f new (w) = −1. It is easy to see that M f new = 0 and so f new is indeed a newform for the Steinberg representation. A computation very much like that in the proof of Corollary 3.2.5 shows that ψ f new = −(1 + q −1 ) = 0. We leave the details to the reader. See also [Schmidt 2002 ]. (
We must determine the dimensions of the Hom-spaces in ( Proof. From the proof of Proposition 3.2.8 it follows that a newform may be taken as the function f new that is supported on the double coset BwK m and on this coset it is given by
As in the proof of Corollary 3.2.5 it can be shown that ψ (
We now consider the L-packets ξ E = {π 1 E , π 2 E } where E/F is a quadratic extension. To begin, we take up the case where E/F is ramified. 
where λ is either or . Note that ω E/F is trivial on λ. Let π E be the principal series representation of G unitarily induced from the character a b 
As in the ramified principal series L-packets case, we see that α conjugates π 1 E to π 2 E . The assumption that it is π 1 E which has a nonzero vector fixed under K 0 gives all the dimensions when r = 0. Since K 1 can be conjugated by an element of G inside K 0 , and K 1 inside K 0 , it follows from Proposition 3.2.4 that all the spaces (π
is constant for sufficiently large x ∈ F. For this realization [Gel'fand et al. 1969 , Chapter 2, §3.1], the action of
In this realization, the spherical vector
We define two elements f 1 and f 2 by
We claim that for every c the element f E is at least 4, and, applying Lemma 3.1.3, we see that the dimension is at most four, hence equals 4. We now need to determine the dimensions of (π 1 E ) K 2 and (π 2 E ) K 2 given that their sum is 4. For this, we need yet another realization of principal series representations for G. We will show that there is some c such that f c 1 is in π 1 E which will then force dim((π 1 E ) K 2 ) = 3 and dim((π 2 E ) K 2 ) = 1. We refer the reader to [Gel'fand et al. 1969 , Chapter 2, §3.2] for this third realization, which is obtained by taking Fourier transforms f of functions f ∈ V with respect to ψ −1 . We will let V denote the space of all f as f varies over V .
The representation space of π 1 E can be recognized in V as the space of functions supported only on the norms N E/F (E), and π 2 E as that of functions supported only on nonnorms (see [Gel'fand et al. 1969 , Chapter 2, §3.5]). Since E/F is unramified, N E/F (E) is the set of elements of F * with has even valuation together with 0, and the nonnorms are those elements with odd valuation.
Computing the Fourier transform of the spherical vector f 0 we get that π 1 E consists of functions supported on nonnorms. We will show now that there is a c such that f c 1 has support inside nonnorms. Indeed, the formula for the Fourier transform of f c 1 is
Hence for c = 1 we get that f c 1 ∈ π 1 E and for c = −q we get that f c 1 ∈ π 2 E . We have now computed the dimensions of fixed vectors under K r and K r for r = 0, 1, 2. From this point onwards an induction argument takes over.
If the dimensions are known for all r ≤ 2m then using the fact that K r +1 can be conjugated inside K r and K r +1 inside K r , we get using Lemma 3.1.3 that all the spaces (π
have dimensions equal to 2m + 1. Using the same lemma it suffices now to show that the dimension of (π
and that the subgroup of G generated by K 2m+1 and K 2m+1 is K 2m (which can be seen by Iwahori factorization) we get Proof. The result follows from multiplicity one for Whittaker models, the fact that α conjugates π 1 E to π 2 E , and Corollary 3.2.5.
Supercuspidal representations.
We now consider supercuspidal representations of G = SL 2 (F). For this we need some preliminaries on how they are constructed. A direct approach is found in Manderscheid's papers [1984] . We, however, use Kutzko's construction [1978a; 1978b] of supercuspidal representations for G and then the results of [Kutzko and Sally 1983 ] to obtain information on the supercuspidal representations (L-packets) for G. 
We say that an irreducible admissible representation π of G is minimal if for every character χ of F * we have c( π) ≤ c( π ⊗ χ), for c( π) as in Casselman's Theorem (page 127). Following Kutzko we use the terminology that a supercuspidal representation of G is said to be unramified if it comes via compact induction from a representation of Z K and is said to be ramified otherwise. The theorem assures us that the ramified ones come via compact induction from representations of N G I . We now take up both types of supercuspidal representations and briefly review how they break up on restriction to G (see [Kutzko and Sally 1983] ).
We begin with the unramified case. Let σ be an irreducible very cuspidal representation of Z K of level l (≥ 1). Let π be the corresponding supercuspidal representation of G.
is irreducible, hence so is π = α π. We thus have an unramified supercuspidal L-packet {π, π }. If l = 1 and σ is reducible, which happens when σ comes from the unique (up to twists) cuspidal representation of GL 2 ‫ކ(‬ q ) whose restriction to SL 2 ‫ކ(‬ q ) is reducible and in this case it breaks up into the direct sum of the two cuspidal representations of SL 2 ‫ކ(‬ q ) of dimension (q − 1)/2. Correspondingly, we have σ = σ 1 ⊕ σ 2 , and if we let
For the ramified case let σ be a very cuspidal representation of N G I of level l (≥ 1) and let π be the corresponding supercuspidal representation of G. Let σ = Res I ( σ ). Then σ = σ 1 ⊕ σ 2 for two irreducible representations σ i (i = 1, 2) of I and γ conjugates one to the other, i.e., σ 2 = γ σ 1 . Let π i = ind G I (σ i ) and so π 2 = γ π 1 . Then the restriction of π to G breaks up into the direct sum of two irreducible supercuspidal representations as Res G ( π) = π 1 ⊕ π 2 . We call {π 1 , π 2 } a ramified supercuspidal L-packet of G. 
(ii) If c(η) ≤ l and l is odd then for all m
Proof. The statement about the conductors of π, π follows immediately from (i), (ii), and (iii). To prove (i) it suffices to prove that Hom K 2l−1 (η, π) = (0) where
is the unramified supercuspidal representation of G given by the very cuspidal representation σ of level m. Using Frobenius reciprocity and Mackey theory [Kutzko 1977 ] we have
For every x we will show that I x = (0).
To this end we need a set of representatives for the double cosets. We leave it to the reader to check that this is given by
Sincē n(u r s) ∈ K we get I x I h(u)a r , and we are reduced to the case s = 0. Thus
by Remark 3.3.2. If r = 0, then x ∈ K , and we have
If 0 < r < l and t ∈ ᏼ r , then rewrite x as x = g(u)b r k where g(u) = wh(u)w −1 and b r = wa r w −1 and for some k ∈ K . Here we finish the argument with
We are finally left with the case where 0 < r < l and t ∈ ᏻ − ᏼ r . For this, rewrite x as x = yw with y =n(t)b r g (u) . Since w ∈ K , as before, we have that I x = (0) if and only if I y = (0). Let j = j (r, t) = max{0, r − 2v(t)}. Then we get
We claim that Hom
If r < 2v(t), then 2v(t) − r ≤ l − 1 (by the hypothesis of this case). Hence v is fixed by N (ᏼ l−1 ), which contradicts that σ is very cuspidal by Remark 3.3.2. This proves (i).
For the proof of (ii) and (iii), we begin by proving that if l is odd, then (π ) K 2l has dimension 2, and if l is even, then dim(π K 2l ) = 2. To this end, let
We use the notation σ U η to stand for the set of all vectors in σ on which U acts via η.) This can be seen as follows. Let χ be an eigencharacter of N (ᏻ) occurring in σ . Since σ is very cuspidal, χ has conductor l. Let v χ ∈ W be a nonzero eigenvector with eigencharacter χ. Let
These sums make sense by the hypothesis on η and are nonzero since the summands lie in distinct eigenspaces. It is easy to see that
It is easy to see that K 2l acts via η on f w , that the map w → f w is injective, and finally that f w ∈ π if l is even and f w ∈ π if l is odd. Now applying Lemma 3.1.3, we get that if l is even, then dim
. (This also shows that dim σ U η = 2.) Now we use induction to obtain all the dimensions. Let l be even. (We leave the case of odd l to the reader since it is entirely analogous to the even case.) Since for every m ≥ 0 we have that K m+2 ⊂ K m+1 ⊂ K m up to G-conjugacy, it follows from Lemma 3.1.3 that the dimensions of the spaces π
, and
are all equal to 2. In fact, the same argument shows that if we know the dimensions of η-fixed vectors under K 2m and K 2m , then we would know the dimensions for those under K 2m+1 and K 2m+1 . Let us now suppose that we know dim π K i η for i ≤ 2m + 1. In order to calculate dim π
Clearly, both the summands in the left hand side are contained in the right hand side. We show that the sum is indeed a direct sum. Let v be a vector in the intersection of the two subspaces on the left hand side. Then both 
by the induction hypothesis. Lemma 3.1.3 now says that this is an equality. Conjugating by α gives the dimensions for π . 
Let η = ω π . We have Proof. We show that K 2l acts via η on φ 1 . Given this, the rest of the assertions are all quite easy to show using the facts that α conjugates π to π , γ conjugates K 2l to itself, and the ψ-Whittaker functional on the ψ-Kirillov model is given by evaluation at 1.
To prove that K 2l acts on φ 1 via η, it is enough to prove, as in [Casselman 1973 ], that B(ᏻ) acts on φ 1 via η and that N (ᏻ) fixes π 0 1 − 2l 0 φ 1 . The former is easy to verify using the definition of φ 1 . To address the latter, note that
To show that N (ᏻ) fixes π(w)τ , it suffices to show that the support of the function π(w)τ is in ᏻ. For this we need some information on the action of the Weyl group element w on functions in the Kirillov model. This is given in terms of the formal Mellin transform of Jacquet and Langlands [1970] .
The formal Mellin transform of any function ξ in the Kirillov model for π is a formal power series in t defined for every character ν of ᏻ × as
Here we normalize the Haar measure du so that ᏻ × has volume 1. For every ν there is a formal series c(ν, t) such that
where ω 0 is the restriction of the central character ω π to ᏻ × and z 0 = ω π ( ) (see Proposition 2.10 of [Jacquet and Langlands 1970] ). Since π is supercuspidal, it follows from Equation 2.18.1, Proposition 2.23, and the proof of Theorem 2.18 of the same paper that c(ν, t) is a monomial in t of the form
Using the definitions of φ 1 and τ and the orthogonality of characters we get
where
for some nonzero constant c 2 (ν). Now N (ᏻ) fixes π(w)τ if the function π(w)τ is supported on ᏻ (since the conductor of ψ is ᏻ), and the latter is true if we show that n ν + 2l ≥ 0 for any character ν which is ω To prove this inequality, using the local Langlands correspondence (see [Kudla 1994 ] for instance), we consider the Langlands parameter ϕ = ϕ( π) of π which is a two-dimensional irreducible representation of the Weil group W F of F. Since the residue characteristic is not 2, we get that ϕ is induced from a Galois regular character χ of E * for the unramified quadratic extension E/F. If c(ϕ) denotes the local Artin conductor of ϕ, then we have, using Proposition 4(b) of §4.3 in [Serre 1967 ], c( π) = c(ϕ) = 2c(χ). Since ν is ω 
For every character κ of F * we have the inequality c( π ⊗ κ) ≤ max{c( π), 2c(κ)} (see §4 of [Gross 1988]) . Applying this to κ = ν −1 and using the preceding information on the conductor of ν −1 , we get the required inequality −n ν = c(
If, on the other hand, c(ωπ ) = 0 and c(ν) = 1, then c( π ⊗ ν −1 ) ≤ c( π) follows easily.
We now state the results for the supercuspidal L-packets of cardinality four. We omit the proofs since they are minor modifications of the corresponding statements for the unramified supercuspidal L-packets that we just dealt with. We now consider the ramified supercuspidal L-packets. Let σ be a very cuspidal representation of N G ( I ) of level l ≥ 1. Let Res I σ = σ 1 ⊕ σ 2 and let π i = ind
Furthermore, conjugation by α stabilizes both π 1 and π 2 , which implies this same equality for K m .
That (π 1 ) K 2l η = (0) can be seen using Mackey theory [Kutzko 1977] as in the proof of Proposition 3.3.4 by considering the set of representatives for
To prove (ii), we use induction on the level m of the congruence subgroups K m or K m . To begin the induction, we show that for m = 2l +1, all the relevant spaces are one-dimensional. It suffices, using Lemma 3.1.3, to prove that dim(π 1 )
This is done as in the proof of Proposition 3.3.4. Note that σ U η is at least twodimensional and contains the span of w 1 and w 2 . Since γ conjugates σ 1 to σ 2 , we get that both (σ i ) U η are nonzero. Let us say that
To proceed with the induction argument, we note that, by Lemma 3.1.3, we need only show that for each m ≥ 2l +2, the dimension of (π 1 ) K m η is at least m − 2l. This follows from (π 1 )
η . This inclusion and the fact that the sum is direct is proved exactly as in the proof of Proposition 3.3.4. 
(ii) Any ψ-Whittaker functional is nonzero on φ 1 and similarly any ψ -Whittaker functional is nonzero on φ .
Proof. The proof is entirely analogous to the proof of Proposition 3.3.5. In fact, using the notation in that proof, it suffices now to show that the support of π(w)τ is in ᏻ, where τ = π (α 2l+1 )φ 1 . We can see as before that
where ω 0 = ω π | ᏻ × . As before, we need to show that if ν = ω −1 0 on (ᏻ × ) 2 , then in fact n ν + 2l + 1 = 0. Since π is a ramified supercuspidal representation, its Langlands parameter ϕ = ϕ( π) is a two dimensional irreducible representation of the Weil group W F of F that is induced from a Galois regular character χ of E * for a ramified quadratic extension E/F. From Proposition 4(b) of §4.3 in [Serre 1967 ], we get that c( π) = c(ϕ) = c(χ)+1. By Theorem 3.3.3, c( π) = 2l +1 which implies that c(χ ) = 2l ≥ 2. This together with the fact that E/F is ramified gives 2c(χ| F * ) ≤ c(χ ). As in Proposition 3.3.5 we have ω π = ω E/F χ | F * . Hence we get 2c(ν −1 ) ≤ 2c(ω π ) ≤ max{2, 2c(χ | F * )} ≤ c(χ) < c(χ) + 1 = c( π). We deduce (using for instance §4 of [Gross 1988] ) that −n ν = c( π ⊗ ν −1 ) = c( π) = 2l + 1.
Comparison of conductor with other invariants.
We begin by recording the following theorem relating the conductor of a representation π of G to the conductor of a minimal representation of G that determines the L-packet containing π . Proof. If π is a subquotient of a principal series representation π(χ) then the theorem follows from Propositions 3.2.4, 3.2.6, 3.2.8, 3.2.10 and 3.2.12 together with the easily verifiable fact that π may be taken as Ind
G B
(χ ⊗1 1). If π is a supercuspidal representation then the theorem follows from Propositions 3.3.4, 3.3.6 and 3.3.8 while keeping in mind that Kutzko's construction (Theorem 3.3.3) actually gives minimal supercuspidal representations π of G. Now we relate the conductor of a representation π of G with the depth ρ(π) of π (a notion due to A. Moy and G. Prasad [1994] ). We urge the reader to compare this theorem with a result from [Lansky and Raghuram 2003] where we determine such a relation for all discrete series representations of D * , GL n (F) and GL 2 (D) for a central division algebra D over F. We also mention in passing that considering the action of GL n (F) on the Bruhat-Tits building of SL n (F) we get that the depth of every representation in an L-packet of SL n (F) is the same. Proof. The first statement is proved by the equalities ρ(π) = ρ(π(χ)) = ρ(χ) = max{c(χ )−1, 0} = max{c(π )−1, 0}. He the first and second equality follow from [Moy and Prasad 1996] and the third from [Lansky and Raghuram 2003] . We omit the details of the proof of the second statement which can be proved almost exactly as in §4 of the latter paper. 
Towards multiplicity one for newforms
is a nontrivial additive character of F of conductor either ᏻ or ᏼ −1 such that π is -generic, and is a -Whittaker functional for π, then we have
Another possibility is to consider some canonical nondegenerate bilinear form on the space V K c(π ) and consider the orthogonal complement of the subspace 
